Einstein metric [Wo] . The isotropy irreducible examples which appear in dimensions up to 12 are S 6 = G 2 /SU (3), S 7 = Spin(7)/G 2 , the Berger space B 7 = SO(5)/ SO(3) 10 , and G 2 /SO(3) 28 . (To indicate the embedding, we use the Dynkin index of the corresponding subalgebra of type su(2) or u(2).) Some spheres and projective spaces admit a smaller transitive Lie group and hence a larger space of homogeneous metrics; their Einstein metrics were classified by Ziller [Zi] . S 2n+1 = SU (n + 1)/SU (n) admits one SU (n + 1)-invariant Einstein metric, S 4n+3 = Sp(n + 1)/Sp(n) admits two Sp(n + 1)-invariant Einstein metrics [Je3] , [Zi] , and Sp(n + 1)/U (1)Sp(n) = CP 2n+1 admits two Sp(n + 1)-invariant Einstein metrics [Zi] . Finally, the odd dimensional Stiefel manifold V 2 (R n ) = SO(n)/SO(n − 2) admits exactly one SO(n)-invariant Einstein metric [Ko] , [BaHs] .
In Table 1 we list the remaining simply connected, compact homogeneous spaces M n = G/H with n ≤ 12, where G is compact, connected, simply connected and simple. When we write "= m" in the column Einstein metrics, we mean that there exist precisely m G-invariant Einstein metrics on G/H, up to isometry. When we write "≥ m", G/H carries at least m G-invariant Einstein metrics, up to isometry. To the best of our knowledge, we provide all references as to who discovered those Einstein metrics first and who classified them. ≥ 1 SU (4)/S(U (1)U (1)U (2)) = 3 [Kosz] , [Ki] Sp (2) Sp(2)/{id}
G 2 /U (2) 1 = 3 [Kosz] , [Ke] 
SU (4)/T 3 = 3 [Kosz] , [Sa] V 2 (C 4 ) SU (4)/SU (2) 1 ≥ 1 SU (4)/SU (2) 2 ≥ 1 SU (4)/SO(3) 4 ≥ 1 SU (4)/SU (2) 10 = 0 [WZ2] 
SO(8)/U (4) SO(7)/U (3) = 2 [WZ2] Sp(3)/Sp(1)Sp(1)Sp(1)
= 2 [WZ1] , [DK2] 
We indicate the embeddings of isotropy subgroups of G 2 and SU (4) in Table 1 : In G 2 , SU (2) 1 < U(2) 1 < SU(3) ∩ SO(4) < G 2 , SU (2) 3 < U(2) 3 < SO(4) < G 2 and SO(3) 4 < SO(4) < G 2 . In SU (4), SU (2) 1 < U(2) 1 < SU(3) < SU(4), SU (2) 2 < U(2) 2 < Sp(2)∩SO(4) < SU (4), SO(3) 4 < SO(4) < SU(4) and SU (2) 10 is maximal in Sp(2) < SU(4).
The first class of examples in Table 1 are the homogeneous Kähler-Einstein manifolds
4)/T 3 and G 2 /T 2 . (Here F 3 and F 4 are the spaces of complex flags in C 3 and C 4 , respectively.) As is well known, these spaces are coadjoint orbits. With the exception of G 2 /T 2 , all their homogeneous Einstein metrics are classified. Note that these metrics are not all Kähler.
The next class of examples in Table 1 is the principal S 1 -bundles over homogeneous Kähler-Einstein manifolds: The Aloff-Wallach spaces W p,q are principal S 1 -bundles over F 3 , and we obtain infinitely many homotopy types of homogeneous Einstein manifolds in dimension seven (cf. [AlWa] , [Wa1] , [BGMR] ). These spaces are classified up to homeomorphism and diffeomorphism [KS2] and it is known that there are pairs of Aloff-Wallach spaces which are homeomorphic but not diffeomorphic. The spaces Sp(2)/∆ p,q U (1) are principal S 1 -bundles over Sp(2)/T 2 and due to [Kl] there are also infinitely many homotopy types among these spaces. Finally, the spaces SU (4)/S(∆ p,q U (1)U (2)) and G 2 /SU (2) 1 are principal S 1 -bundles over SU (4)/S(U (1)U (1)U (2)) and G 2 /U (2) 1 , respectively.
Another pair of examples is the compact Lie groups SU (3)/{id} and Sp(2)/{id}. The symmetric metric on the 8-dimensional compact Lie group SU (3) is Einstein, and SU (3) admits at least one other homogeneous Einstein metric, obtained via the canonical variation in the direction of the maximal subgroup SO(3) [Je2] . This second Einstein metric is not invariant under the adjoint action of SU (3) on su(3), hence it comes with an infinite family of (isometric) Einstein metrics. This shows that in general the Einstein equation is not a generic system of l polynomial equations with l unknowns. The space of left-invariant metrics on SU (3) is 36-dimensional, thus finding all solutions to the Einstein equation is a highly non-trivial task.
For each of the spaces SU (4)/U (1)SO(3) 4 , SU (4)/SU (2) 10 and SO(8)/U (4) = SO(7)/U (3), the space of G-invariant metrics of volume one is one-dimensional and the Einstein equations reduce to a quadratic equation in one variable. We note that for the above three spaces this equation has one, zero and two real solutions, respectively [WZ2] .
The remaining spaces are In Table 2 we list all examples for case 1. First, we indicate the embeddings of some isotropy subgroups: In the third and seventh examples, pr 1 (∆ 1 Sp(1)) = SU (2) and pr 2 (∆ 1 Sp(1)) = Sp(1) × {id}. In the sixth (resp. eighth) example, pr 1 (∆ 2 SU (2)) = SO(3) and pr 2 (∆ 2 SU (2)) = SU (2) (resp. pr 1 (∆ 2 Sp(1)) = SO(3) and pr 2 (∆ 2 Sp(1)) = Sp(1) × {id}).
The first three homogeneous spaces in Table 2 are 11-dimensional homogeneous S 3 -bundles over CP 2 × CP 2 , S 4 × S 4 , CP 2 × S 4 , respectively. The existence of two homogeneous Einstein metrics on these spaces is due to M. Wang [Wa2] . 
The family of 12-dimensional spaces (2) with slope determined by (p, q), for p and q relatively prime) provides the first examples of simply connected homogeneous torus bundles which do not admit G-invariant Einstein metrics. Notice that G 1,1 = SU (3)×SU (3)/∆U (2) admits a G-invariant Einstein metric by the Graph Theorem [BWZ] . Since for G 1,1 the dimension of the space of G-invariant metrics is larger than that for G p,q , p = q, this is possible. The following intriguing fact is due to W. Ziller:
Hence in this case existence and non-existence of homogeneous Einstein metrics seems to be related to topological properties of the principal S 1 -bundles under consideration.
Finally, we describe all examples of case 2 above; that is we assume now that the center of H lies diagonally in G 1 × G 2 but H s does not. Each of these spaces M n is a principal torus bundle over B = G/HT with the presentation M n = G/HT , T T . Since dim G/H ≤ 12, the base G/HT turns out to be a product of homogeneous Kähler-Einstein manifolds with positive first Chern class.
The possible factors are (2)) and Sp(2)/T 2 , with the restriction that the sum of the dimension of the factors is bounded from the above by eleven. If the flag manifold F 3 or Sp(2)/T 2 is not a factor, then existence of a G-invariant Einstein metric on G/H follows from [WZ3] and in dimension seven from the earlier work of physicists [CDF] , [DFN] . For generic principal S 1 -bundles over such bases, we also have uniqueness [WZ3] . In the remaining cases,
the existence of a G-invariant
Einstein metrics follows from [Bö] .
From a topological and geometric point of view, many of these manifolds have been of great interest (cf. [KS1] , [WZ3] ). For instance, the principal S 1 -bundles over CP 1 × CP 1 are all diffeomorphic to S 2 × S 3 , but as homogeneous spaces they are quite different. On S 2 × S 3 the moduli space of Einstein metrics has infinitely many components, all realized by homogeneous metrics.
This paper is organized as follows: In section 1 we recall some basic facts about compact homogeneous spaces. Then we give the classification of all simply connected compact homogeneous spaces M n up to dimension n = 12, acted on by a compact, connected, simply connected and simple Lie group G. In the last section we provide a proof of our main theorem.
It is a pleasure to thank Wolfgang Ziller for helpful discussions.
The classification
A connected, closed manifold M n is called a compact homogeneous space if there exists a compact group G of diffeomorphisms acting transitively on M n . Let H denote the isotropy group at a point in M n . Then the coset space G/H is diffeomorphic to M n . As is well known, both G and H are compact Lie groups. In what follows we will assume that G/H is almost effective, i.e., H contains no non-discrete normal subgroup of G. If the Lie algebra g of G is not semisimple, let g = z(g)⊕g s denote the decomposition of g into its center z(g) and its semisimple part g s . Let (G s ) 0 denote the compact, connected subgroup of G with Lie algebra g s . 
In order to define the canonical presentation of a compact homogeneous space M n = G/H, one further reduction might be possible, by the following lemma. 
Lemma 1.3. Let G/H be a simply connected compact homogeneous space, where G is connected and semisimple, but not simple; that is
As is well known, the space of G-invariant metrics can be viewed as a subspace of the space G can -invariant metrics. Moreover, the space ofĜ can -invariant metrics agrees with the space of G can -invariant metrics. This implies that by considering allĜ can -invariant metrics, for all canonical presentationsĜ can /Ĥ can , we obtain all homogeneous metrics on the compact simply connected homogeneous space M n . (Notice that there still may be infinitely many canonical presentations of M n .) Remark 1.5. If G is connected, compact and simply connected, then the second fundamental group of G/H is finite if and only if H is semisimple. Therefore, up to a fixed dimension, there are at most finitely many such simply connected, compact homogeneous spaces M n . These have been classified by Klaus [Kl] up to dimension nine and by Kruggel [Kr] up to dimension 12 (up to the last 2 spaces in Table 2 ).
Next, we investigate each compact, connected, simply connected semisimple Lie group G and all its connected subgroups H, such that dim G/H ≤ 12.
Let G be a connected, simply connected simple Lie group. The following number will be helpful:
Notice so(3) = su(2), so(4) = su(2) ⊕ su(2), so(5) = sp(2), and so(6) = su(4) (cf. [Ad] ).
We start by finding all simple G for which α(G) ≤ 12. For each such group, we list all the subgroups H < G for which dim(G/H) ≤ 12 (see [Dy1] ).
Case 1: G = SU (N ), N = 2, . . . , 7. N=2: We get two subgroups of SU (2): U (1) and {id}. N=3: We have two maximal subgroups of SU (3): U (2) = S(U (1)U (2)) and SO(3), and within U (2), SU (2), T 2 = U (1)U (1), ∆ p,q U (1), and {id}. N=4: We have four maximal subgroups of SU (4): U (3) = S(U (1)U (3)), S(U (2)U (2)), Sp(2), and SO(4). Their subgroups H with dim(H) ≥ 3 are given by Table 13 ) (k) T 3 . N=5: We have three maximal subgroups of SU (5):
We need dim(H) ≥ 12, which eliminates SO(5). The only non-maximal subgroup with sufficiently large dimension is SU (4) < U(4). N=6: SU (6) has six maximal subgroups. We want only those subgroups of SU (6) with dim(H) ≥ 23; this leaves one maximal subgroup U (5) = S(U (1)U (5)), and also SU (5) < U(5). N=7: The only subgroup of SU (7) with dim(H) ≥ 36 is U (6).
Case 2: G = Sp(N ) for N = 2, 3, 4.
N=2: The maximal subgroups of Sp(2) are U (2), Sp(1)Sp(1), and SU (2). We also have their subgroups: SO(3) , and SU (2). We want only the subgroups with dim(H) ≥ 9. This leaves us with U (3), Sp(1)Sp(2), U (1)Sp(2), Sp(2), and Sp(1)Sp(1)Sp(1).
N=4: The only subgroup of Sp(4) satisfying dim(H) ≥ 24 is Sp(1)Sp(3).
Case 3: G = SO(N ) for N = 7, . . . , 13. (4) and G 2 . Since we are only interested in those subgroups of SO (7) with dim(H) ≥ 9, we are left with U (3) and SO(5) = SO(2)SO(5) ∩ SO(6). N=8: The group SO(8) has five maximal subgroups. Since we need dim(H) ≥ 16, this leaves SO(2)SO(6) (equivalent to U (4)) and SO (7), of dimension 21. Then SO(7) has no proper subgroups of dimension at least 17. N=9, 10, 11, 12, 13: The only quotients with dimension less than or equal to 12 are the spheres:
N=7: The group SO(7) has four maximal subgroups: SO(6), SO(2)SO(5), SO(3)SO

SO(n)/SO(n − 1).
Case 4: G = G 2 . This is the only exceptional Lie group with α(G) ≤ 12. The group G 2 has three maximal subgroups: SU (3), SO(4) and SO(3) 28 (see [Dy2] , Table 14 ). Their subgroups with dim H ≥ 2 are given by:
This completes the classification for the case G simple. Now let us turn to the semisimple groups. Let M n = G/H be a connected, compact homogeneous space written in canonical form: G = G 1 × · · · × G p , where each G i is compact, simple, simply connected, and p ≥ 2. We have
. To see this, we follow the method used in [Kl] . Consider the fibration
. We know f ≥ 1, and b i ≥ 2, b i = 3. In order for one of the simple factors of the semisimple part of H to lie diagonally in G, we must have b 1 , b 2 ≥ 4, and f ≥ 3. This implies dim G/H ≥ 11.
In dimension 11 = 3 + 4 + 4 we obtain the following possibilities for G/H:
In dimension 12 = 3 + 4 + 5 we get (1)). The diagonal embeddings of SU (2) and Sp(1), respectively, are described in the introduction.
Existence of Einstein metrics
Let G/H be a compact homogeneous space and let Q denote an Ad(G)-invariant scalar product on g. Choose m the Q-orthogonal complement to h in g. As is well known, every G-invariant metric on G/H is uniquely determined by an Ad(H)-invariant scalar product on m. For any G-invariant metric · , · on G/H, there exists a corresponding decomposition m = m 1 ⊕ · · · ⊕ m p of m into Ad(H)-irreducible summands, such that · , · is diagonal with respect to Q. That is, we have 
For certain homogeneous spaces this equation can be solved explicitly, and we will make use of this approach in proving our main theorem. We will also apply the following two general existence results on homogeneous Einstein metrics. First, we describe a consequence of the Graph Theorem [BWZ] .
Proposition 2.
[BWZ] Let G/H be a compact homogeneous space with both G and H connected. Suppose that there exists a connected, semisimple intermediate subgroup K, such that H is maximal in K and K is maximal in G. If there exists a further connected subgroup L with H < L < G not isomorphic to K, then G/H admits a G-invariant Einstein metric.
Next, let us turn to the second general existence result. Suppose that G/H is simply connected and compact, such that G is compact, connected, simply connected and semisimple. Recall that H is connected. As described in [Bö] , we can assign a simplicial complex∆ G/H (the extended simplicial complex of G/H) to such a homogeneous space as follows: Let T be a maximal torus of a compact complement of H in the identity component of the normalizer
Then T H is a connected, compact, proper subgroup of G and there exist at most finitely many subalgebras of g lying properly between t ⊕ h and g. These subalgebras are partially ordered by the inclusion relation. The extended simplicial complex∆ G/H of G/H is the corresponding flag complex: vertices correspond to flags of length one, edges to flags of length two, and so on. The subcomplex ∆ G/H of∆ G/H given by all flags of subalgebras generated by minimal subalgebras is called the simplicial complex of G/H. Notice that both of these simplicial complexes are independent of the choice of T . In general,∆ G/H and ∆ G/H are homotopy equivalent but not homeomorphic.
Theorem 2.2. [Bö] Let G/H be a compact homogeneous space with both G and H connected.
If the simplicial complex ∆ G/H of G/H is not contractible, then G/H admits a G-invariant Einstein metric.
The empty set is by definition non-contractible. The following obvious property of the simplicial complex turns out to be extremely helpful.
Proposition 2.3. [Bö] Let G/H be a simply connected, compact homogeneous space with both G and H connected. Let T be a maximal torus of a compact complement of H in the identity component of the normalizer
Furthermore, the simplicial complex obeys the following "product formula". Here X * Y denotes the join of X and Y . Notice X * ∅ = X and ∅ * ∅ = ∅.
Theorem 2.4. [Bö] Let G/H be a simply connected, compact homogeneous space with both
We are now ready to prove our main theorem. We start with the case when G is simple, by passing through Table 1 . There are five spaces which are not covered by the references provided there. By Proposition 2.3 we have ∆ Sp(2)/∆p,qU (1) = ∆ Sp(2)/T 2 . Since ∆ Sp(2)/T 2 is not connected, by Theorem 2.2 the existence of at least one Sp(2)-invariant Einstein metric follows. Similarly, we have ∆ SU(4)/S(∆p,qU (1)U (2)) = ∆ SU(4)/S(U (1)U (1)U (2)) and again existence of at least one SU (4)-invariant Einstein metric follows. By the same reasoning the complex Stiefel manifold SU (4)/SU (2) 1 admits an SU (4)-invariant Einstein metric. By Theorem 2.2, SU (4)/SU (2) 2 admits an SU (4)-invariant Einstein metric, since ∆ SU(4)/SU (2) 2 = ∆ SU(4)/U (2) 2 is disconnected. Finally, with K = SO(4) and L = SU (3), it follows from Proposition 2.1 that SU (4)/SO(3) 4 carries an SU (4)-invariant Einstein metric.
Using Equation ( * ) and Maple, one sees that SU (4)/U (2) 2 carries exactly two Einstein metrics; we extend the result of [Ni1] for this space. This completes the proof of the main theorem in case G is simple. Now let us turn to the case G semisimple not simple. First, we consider the case when G/H is one of our eight spaces with a nonabelian diagonal component in H. The first three examples were all proved to admit exactly two homogeneous Einstein metrics in [Wa2] . We will start with the fifth space: G/H = SU (3) × SU (3)/∆SU (2)(∆ p,q U (1)). The fourth space is a special case of this, with p = q.
We take Q(X, Y ) = − 1 2 tr (XY ), a multiple of the Killing form.
, such that H < K < G, and each K i < G i . We see that m decomposes into four irreducible summands, pairwise inequivalent as long as p = q: Let m 1 be the tangent space to G 1 /K 1 and m 2 be the tangent space to G 2 /K 2 . That is, su(3) 1 = u(2) 1 ⊕ m 1 , and su(3) 2 = u(2) 2 ⊕ m 2 . Next, m 3 = su(2) 1 ⊕ su(2) 2 ∆su(2), the (2) 
Denote these four terms by I, II, III and IV , respectively. We get 2 · III + 2 · IV + I = 5· II, an equation independent of λ. If we let α =
and simplify, then we obtain 4(α 2 +β 2 )+20− 12(α + β) = 0, which has no real solutions. This shows that SU (3) × SU (3)/∆SU (2)(∆ p,q U (1)) carries no SU (3) × SU (3)-invariant Einstein metrics, as long as p = q.
However, in the case p = q, m 1 and m 2 are equivalent summands in the isotropy representation, and so there is in fact a larger family of homogeneous metrics. We can write our homogeneous space as SU (3) × SU (3)/∆U (2). Then H = ∆U (2) is maximal in K = ∆SU (3), which is itself maximal in G = SU (3) × SU (3). Since H < L = U (2) × U (2) the existence of a G-invariant Einstein metric follows from Proposition 2.1. Notice that from the computation above we know that no metric which is diagonal with respect to the decomposition above is Einstein.
The next space we consider is SU (3) × SU (3)/∆ 2 SU (2)({id} × U (1)), where pr 1 (∆ 2 SU (2)) = SO(3) and pr 2 (∆ 2 SU (2)) = SU (2). There are three irreducible summands in the isotropy representation. We have an intermediate subgroup
. Using this, we let m 1 be the Q-orthogonal complement to k 1 in su(3) 1 , while m 2 is the complement to k 2 in su(3) 2 . This leaves us with m 3 = su(2) ⊕ su(2) ∆su(2). As in the example above, since (2) 
, and simplify to get the following pair of equations: 0 = β 2 − 24 5 β + 2 + α 2 and 0 = 11 2 α 2 − 12α + 5 + β 2 . This system has four solutions, with exactly two real positive solutions: (α, β) ∼ = (1.38166, 1.03948) and (α, β) ∼ = (0.618099, 0.562079), corresponding to two homogeneous Einstein metrics on SU (3) × SU (3)/∆ 2 SU (2)({id} × U (1)).
We next consider the homogeneous space SU (3) × Sp(2)/∆ 1 Sp(1)({id} × Sp(1)), where pr 1 (∆ 1 Sp(1)) = SU (2) and pr 2 (∆ 1 Sp(1)) = Sp(1) × {id}. The isotropy representation can be seen to have four components: let m 1 denote the orthogonal complement to u(2) in su(3), and let m 2 be the complement to sp(1) ⊕ sp(1) in sp(2). Then m 3 = su(2) ⊕ su(2) ∆su(2), and m 4 = u(2) su(2) (in su (3) The last homogeneous space we need to consider is SU (3) × Sp(2)/∆ 2 Sp(1)({id} × Sp (1)), where pr 1 (∆ 2 Sp(1)) = SO(3) and pr 2 (∆ 2 (Sp(1))) = Sp(1) × {id}. Here we again find ourselves combining information from the examples above. The isotropy representation has three summands: m 1 is the Q-orthogonal complement to so(3) in su(3), m 2 is the complement to sp(1) ⊕ sp(1) in sp(2), and m 3 is the complement to ∆sp(1) in so(3) ⊕ sp(1). The nonzero symmetric triples are [113] = 15 (found in the second example) and [223] = 6 (found in the previous example). We have here d 1 = 5, d 2 = 4, d 3 = 3, and b i = 12 for all i. Notice that this is exactly the data for the scalar curvature function we had in our second example, and so we obtain exactly two homogeneous Einstein metrics on SU (3) × Sp(2)/∆ 2 Sp(1)({id} × Sp (1)).
Finally, we consider the case when G/H is one of the spaces with abelian diagonal component in H. Existence of homogeneous Einstein metrics follows from the references provided in the introduction, apart from four cases. In the last case we have to consider T kprincipal bundles, k = 1, 2, over CP 1 × CP 1 × F 3 presented as SU (2)SU (2)SU (3)/T , where T < T 4 is any 2-dimensional (resp. 3-dimensional) compact subtorus of a maximal torus T 4 of SU (2)SU (2)SU (3). We have ∆ SU (2) Since ∆ SU(2)/U (1) = ∅ and ∆ SU(3)/T 2 is disconnected, we conclude that ∆ SU(2)SU(2)SU(3)/T is not contractible (cf. [Mi] ). The existence of a homogeneous Einstein metric follows from Theorem 2.2. The other three cases can be treated in precisely the same manner. This concludes the proof of the main theorem when G is semisimple but not simple.
